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Abstract: We consider a variation of the M/G/1 queuein which, when the systemcontains more
than k& customers,it switchesfrom its initial generalsetvice distrib ution to a differ ent generalservice
distrib ution until the sewver is cleared, whereuponit switchesback to the original sewice distrib ution.
Using a technique of Baccelli and Makowski (1985,1989)we define a martingale with respectto an
embeddedprocessand from this arri ve at a relationship betweenthe processand a modified Mark ov
renewalprocessUsing this an analysisof the stationary behaviour of the queueis possible.
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1 Intr oduction

We shall considera single-serer queueingprocessin which the arrivals are Poissonwith rate
A, andthe servicetimesaredistributed accordingto one or the otherof two generalprobability
distribution functionsA(-) and B(-). We definethenumberof customersn thesystemattime¢ to
be X (1).

If we considerthe queueto startwith X (0) = 0, initially the servicetimesaredeterminedy
A(+). This continuesuntil a stoppingtime 7;(0). We call this periodphasel. At time 7,(0), the
service-timalistribution switchegto B(-). Theservice-timedollow thisdistribution until asecond
stoppingtime 7»(0) whenthereis areturnto servicegovernedby A(-). We call this secondoeriod
phase2.

For eachtime ¢ the stoppingtime 7,(¢) occursatthefirsttime r > ¢, whenX () = 0, immedi-
ately aftera departurdrom the sener. The otherstoppingtime 7, (¢) canbe ary stoppingtime 7,
which occursimmediatelyaftera departuresuchthatt < r < 7,(t) almostsurely

Thusthetwo typesof servicealternate Themotivatingsituationis whenthetimesr (¢) corre-
spondto thefirst time aftert whenthe systemhasmorethana certainnumberof customersn it at
theendof a service,or the systembecomesmpty This could correspondo a systemwherethe
senersenesatagivenrateuntil thesystembecome®verfull, atwhich pointit changests service
stratgy until it hasclearedthe queue whereuporit changedackto its old stratgy. For exam-
ple, undersuficient load the sener canrequestextra, possiblyexpensve, resourcesn orderto
completets taskmorequickly. It releasesheseextraresourcesvhenthe systembecomegmpty

As is the casewith the usualM/G/1 queuewe considerthe embeddeddiscrete-timeprocess
formedwhenoneobseresthe numberof customersn the systemafter departures.n this case
this embeddegrocessloesnot form a Markov chain,aswith the standardV/G/1 case without
the additionalcompleity of supplementaryariables. We follow the approachof Baccelliand
Makowski (1989)in defininganexponentialmartingalewith respecto theembeddegrocessand
from this we establisha relationshipbetweerthe forward recurrencdimesin atype of modified
discrete-timeMarkov renaval processandthe queudength. Thisis the fundamentatelationship
of this paperandis expressedn Theorem4.1. Fromanalysisof the Markov renaval processthe
limiting probabilitygeneratingunctionof thesystensizemaybe expressedn termsof thatof the
statesojourntimesof the Markov renaval process.Thesemay be calculatedusingthe martingale
onceagnin, in conjunctionwith conventionalprobabilisticarguments.

2 Preliminaries

We assumehroughoutthatall of the randomvariablesand stochastieelementsof this paperare
definedon someunderlyingprobability space(P, F, 2) andwe denotethe indicatorfunction of
aneventAin F by I(A).

Following BaccelliandMakowski (1985,1989)e considetheembeddegrocess X, ), where
X, is the numberof customersn the systemasseenby the nth departingcustomer Note this is
not a Markov chainasit depend®n the history of the processandnot just uponthe currentstate.
The numberof arrivals duringthe nth serviceis givenby A, or B,, if the systemis in phasel or
2 respectiely. (A,,) and(B,,) aretwo sequencesf independentidentically distributed random
variables. We assuméhat X, = 0 a.s.,thatis, thereis a departureat time 0 which leavesthe



systemempty We canthendefinethetwo generatingunctionsa(z) andb(z) by
a(z)=F {zAl] , b(z) =F [zBl] :

Both a(z) andb(z) canbe written as Laplace-Stieltjesransformsof their respectre probability
distribution functions,

a(z) = A"(M1—2)), b(z) =B"(A\1—2)).

If we take the meannumberof arrivalsduringa serviceof type A or type B to be p, or p, respec-
tively, thena’(1) = p, andd'(1) = p,. We alsodefinetwo sequencesf N-valuedstoppingtimes
(Sn) and(7},) by

SO = 07

s _ inf{m > S; 1|X,, =0}, if the setis non-empty
C 00, otherwise,

T _ inf{S; <m < S;1| X, > k}, if thesetis non-empty
v Sit1s otherwise.

We candefinethe sequencesf events(C),) and(D,,) respectiely by

Cn = U{SZSTL<CFZ},
=0

D, = J{Ti <n<Si}.

1=0

(', and D,, arethe eventsthatthe system,at departuren, is in phasel or phase2 respectrely.
ClearlyI(C,) = 1 — I(D,) for all n. Fromthesedefinitions

Xny1 = X0 — (X, #0)+ A1 1(Ch) + Boir I(Dy). (1)
We alsodefinetheincreasingsequencef sigma-algebra&¥,,) by
Fn=0{Xn|0<m<n},

andtake .
Fo=U Fu
n=0

2.1 The martingale
We cannow definea martingale (M,,(z)) with filtration (F,,) by

My(z) = 2%,
n—1 LI(X370)

Mn(z) = 27" kl;[O a(2)1(Cy) + b(2)I(Dy)’




for z € [0,1]. M, (z) is a F,-measurablenon-ngative, real-\aluedrandomvariable. To demon-
stratethat it is a martingale we use (1), the factthat X,,, A,., B,., C,, and D, areall F,-
measurabléor m < n andthatA,,,; and B, areindependento shawv that

E[M, F 7| X T LI(Xi#0) .
n z n o Ant1 ;
[Mi41(2)| F] l ,g)a(z)z(ck) S b(2)I(Dy) ]
—= E |:zAn+lI(Cn)+Bn+1I(Dn) fni| ZXn*I(Xn#O) ﬁ ZI(Xk#O)
o @(2)1(Cr) +b(2)1(Dy,)
ZI(XIﬁéO)

— X [a(z , z )] 2 {En70) |
[a(2)I(C,) + b(2)I(D,,)] ga(z)[(ck) +b(2)1(Dy,)

X, n—l LA(Xr7#0)
- k-l;[o a(2)1(Cy) + b(2)I(Dy,)
= Ma(2) a.s.

As themartingaleis non-n@ative, E [|M,,|] = E [M,] < oo, for z € [0, 1].

2.2 Stoppingtimes

We definetwo sequencesf stoppingtimesasfollows

n, if X,, € phase andn < oo,
T(n) = inf{m > n|(X,, > k) or (X,,, = 0)}, if X, € phasel,n < oo, setnon-empty
00, otherwise

() { inf{m > n|X,, = 0}, if n < co andthesetis non-empty
2

00, otherwise

wherek € N isthethreshold Also we maydefinefour sequencesftimes(v;(n)), (v2(n)), (11(n))
and(uq(n)) in thesameway but it is moreinstructie to definethemasfollows

n(n) = 7(n) —n,
ve(n) = m(n)—n,

_ 07 Xp = s
w0 = L, X, 70

m) = { o, X7

The only differencebetweenthe s andvs occurswhen X,, = 0. We shalllaterusey, (n) and
ua(n) — pq(n) asforwardrecurrenceéimesin the Markov renaval processwhile v (0) andw, (0) —
v1(0) will beusedassojourntimes.

3 Useof the optional samplingtheorem

Lemma 3.1 For thedefinitionsabove a(z) > z, Vz € [0,1), if andonlyif a’(1) < 1. Similarly
for b(z).



Proof: Thisfollows from Takacs’lemma(Takacs,1962,page46).

Lemma 3.2 For anya.s.finite stoppingtime~ and A, i, > 0
(2) n(y) < oo
(iz)  Eln(y)] < oo,
(iii) E[wn®] < oo,

a.s.,

wheew € [0, a, a = sup, ¢y 11 (2/a(2)).

Proof: (i) and(ii) follow directly from Williams (1991, pagel101). The proof of (iii) is asfol-
lows. From (i) andLemma3.3it is sufficient to consider {wﬂ@)}. Using the theoremof total
expectatiorwe see

k oo
B[] = wp{n(0) =13+ X 3w pn(0) = iXe = Wp{Xia =3} @)

We take a; = p{A; = i}. Now thevaluesof p{7,(0) = i|X;_; = j} areshavn in Tablel in
Section5. Thussubstitutingn (2) we arrive at

Elwn®] = w { (ao + fj al) (1 + iwip{Xi = 1})

l=k+1 i=1

+Z ( i al—j—H) io w'p{X; = ]}}

7=2 \l=k+1

< WZ ( i aljﬂ) iwip{Xi =7}

j=1 \I=k+1
In orderto find >, wip{ X; = j}, we definethevector
vi= (p{Xi = 1} p{X; = 2}, -, p{X; = k}),

the sub-stochastiprobabilitytransfermatrix

a; az az -+ Qg1 Ak
ap aip a2 -+ Qg2 Qg1

P, = 0 a a - ap-3 ap—2 |, (3)
O 0 0 tee Qg aq

andv! = (ay,as, ..., a), thevectorof initial probabilitiesgivenatransitionfrom X, = 0. Then
vi=vP
We seekconditionsunderwhich

0 . -
Z (,UZ].:)kZ
=1
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cornverges. From Householde (1964, page54) this seriescorvergesfor |w|p(Py) < 1, where
p(Py) is thespectratadiusof matrix Py.. Giventhisconditiontheseriescorvergesto (I-wPy ).
FromBarnettandStorey (1970, Theoren-9-3)we seethatp(A) < |A| for ary matrixnorm|A|.
Fromthis the seriescorvergesif |w||Py| < 1.

We define|A|. for 2 € (0, 1) by

J=1

k
||AHZ = ZY:Illfl%k [Z |aij|zJZ] )

for amatrix A = (a;;). This satisfiesproperties(l),(Il),(Il) and(lV) of HouseholdeKpage41l)
andis consistentvith the vectornorm

Ix|. = zglla%c \xi|zl—i.

Now
k _ k—1 .
|Px|. = max Zajzj_l, Zajz]_l
Jj=1 7=0
k .
< Zajzj_l
7=0
< o)
z
sothat
1 =z
IPl. = a(z)
Thusthereexistsa z, € [0, 1) suchthat
z 1
w < sup

< .
z€[0,1) CL(Z) ||Pk||zo

Thustheseriescorvergesfor thedesiredrangeandhencetheresult.
Lemma 3.3 For anya.s.finite stoppingtime~y andp, < 1
Ta(7y) < 00 a.s.

Proof: (i) If thesystemis in phasel we useLemma3.2 (i) which impliesthatthe systemgetsto
phase? in afinite amountof time with probabilityone.

(i) Oncethesystemis in phase? it beharesasanordinaryM/G/1 queuewith meanservicetime
1/, until reachingstate0 again. Thusthenormalstability conditionsfor theM/G/1 queueprovide
theresult.

Theorem3.1 If p, € (0,1) andp, € [0, 1), the stoppingtime 75(~y) is regular for the martingale
{M,(z),n=0,1,...} andfor z € |0, 1] therelationshipbelowholds

E | I(y < 00,73(7y) < 00) (ﬁ)ylm <b(z_z>> v () =11 (7)

.7:7] = I(y < 00)zX1 /%70 g6,



Proof: Thisis omittedasit followsdirectly from asimilar proofin BaccelliandMakowski (1985).
Thecasewith p, = 0 is excludedasthe systemis thentrivial.

Theorem 3.2 Theresultsof Theoem3.1 canbe extendedo thecasep, € (0, o).

Proof: Whenz < a(z) the proof abore appliesand so we will only considerthe casewhen
z > a(z). FromLemma3.3,7;(n) is almostsurelyfinite. We useNeveu (1975,1V-3-16) to shav
the stoppingtime 7»(0) is regularfor the martingale andhencer;(n) is regular Condition (1) of
this proposition,

/{ o }|MT2(0)(2)|dP<oo,
J{T2 00

is automaticallysatisfiedfor our martingale. Condition(2),

lim | M, (2)|dP = 0,

e J{r2(0)>n}
canbeseeno be satisfiedasfollows. The martingaleis non-ngative sowe startwith

n—1 (X #0)
|M,(2)|1(12(0) >n) = I(1(0) > n)z*" 1:[ a(2)1(Cy) + b(2)1(Dy)

< I(n(0) > n) (ﬁ)nwm (%)(n_n(o»vo a.s.,

onz € [0,1). Lemma3.limpliesz/b(z) < 1forz € [0,1) andp, < 1 sowe get

I(1(0) > n) (é)nmm (%)WH(OM < I(n(0) > n) (ﬁ)w) ,

whichtendsto zeroalmostsurelyasn tendsto infinity. Also

5 71(0)
| M, (2)|I(12(0) >n) < (a(z)) a.s.,

which hasfinite expectation(by Lemma3.2). Soby thedominatedcornvergencetheorem
E[M,(z)I(12(0) > n)] — 0,

asn — oo. Neveu(1975,propositionlV-3-12) impliesthatDoob’s optionalsamplingtheoremcan
be applied,whencetheresult.

4 Therelationship

As outlinedin the introductionwe wish to establisha relationshipbetweenthe queuelengthand
amodifieddiscrete-timeMarkov renaval processthe modificationbeingof the type describedn
NakagwaandOsaki(1976)in which notall of the statesarerenaval states.Thatis, theepochf
transitionto certainstatesarenot renaval points. The casein questionis the simplestnon-trivial
versionof the Markov renaval procesof typel in Nakagwa andOsaki(1976)in which thereis
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Figurel: TheMarkov renaval procesqstate? is thenon-rengval state).

only onerenaval stateandonenon-rengval state(seeFigure??). Thetransitiontimescorrespond
to the stoppingtimes{S;, T;} asdefinedin Section2, thatis, transitionsfrom 1 — 2 occuratthe

times{7;} while transitionsfrom 2 — 1 occuratthetimes{S,}. Clearlyatransitionfrom1 — 2

may occurat the sametime asatransitionfrom 2 — 1 whenT; = S;,;. In this casewe treatit as
thoughthetransitionsoccurin theorder1 — 2 — 1 with zerotime spentin state2.

In this processS;; — 7; is notindependentf Fr,, however S;; — S; is independentf Fg,.
Recurrencéollows from Lemma3.3. Thustheprocesss of thetypeof Markov renaval processes
describedabore.

In this context 1 () and o (y) — w1 () areforward recurrenceimes, thatis, the amountof
time from stoppingtime ~ spentin statesl or 2, respecitiely, prior to the transitionfrom state2
to 1 which is associatedvith the renaval. Also, given that the processstartswith a renaval at
time 0, thetimes, (0) andw»(0) — v1(0) aresojourntimesfor the Markov renaval process.The
connectionbetweenthe forward recurrencdimes and the sojourntimesin this type of Markov
renaval procesanbe derived by anextensionof the Key renaval theorem.A proof of this can
befoundin Roughan1994).

The following resultestablisheshe fundamentarelationshipbetweenthe probability gener
ating function for the queueingprocessandthat of the forward recurrenceimes of the Markov
renaval process.

Theorem4.1 Forn < oo, p, > 0, pp < landz € [0, 1),

E{an} _ E{<ﬁ>m(n) <%>u2(n)m(n)].

Proof: We useTheorem3.2with v = n wheren < oo a.s.Multiplying by theindicatorfunction
I(X, # 0), notingthat7(-)> = I(-) andthat7(S)I(S¢) = 0 andalsousingthe F,,-measurability
of I(X, # 0), weget

5 {z(xn 7 0)I(12(n) < o0) (ﬁ)m (b(Z—z>)

8

va(n)—vi(n)

fn} = (X, #0)z"" as.



Taking expectationgives

a(z)

Theterm I(1,(n) < co) canberemoved,asLemma3.2 (jii) andthefactthatz/b(z) < 1 entails
thatthe contritution to the expectatiormadewhenu,(n) = oo is zero.Notethat

0],
)=

B |I(X, # 0)I(1a(n) < o) <L)V1(n) <ﬁ)w(n)m(n)] = B[I(X, #0)2X].

s
|
(=]
?
3
O
9\

Xo 20 — [un(n) = v1(n), i

5\ o\ =)
I(p1(n), po(n) notboth0) (CL(Z)> <b(z)> ]

= p{X,=0}+FE [I(Xn v o)zxn} ,

E{an} _ E{<$>m(n) <ﬁ>uz(n)—m(n)}.

Remark: If wetake Q’(z,y) to bethe probabilitygeneratindgunctionfor theforwardrecurrence
timesin the Markov renaval processthe previoustheoremimpliesthat

Pl - (o500 ) @

Theorem4.2 For p, > 0, p, < 1 andz € [0, 1) andgiventhat X, = 0,

5 v1(0) 5 v2(0)—v1(0)

Proof: As in the proof of Theorem4.1we multiply by anindicatorfunction,in this casel (X, =
0), andthentake expectationgo derive

5 vi(n) 5 va(n)—v1(n)
(X, =0) <@) <@> ] = FlzI(X,=0),

whichwhenwe assumeX,, = 0 gives

™ -

Remark: This providesa relationshipfor the numberof customersened in eachphaseduring
the busy period. Unlike the unalteredVi/G/1 queue discussedn BaccelliandMakowski (1989),
this doesnot uniquelydeterminethe probability generatingunction for the numberof customers

va(n)].

Fromthis we arrive at

p{u(n) =0,p2(n) =0t + E

andhence

E

9



sened. However, it doesuniquely determinethis probability generatingunction in conjunction
with theresultfor £ [(@)VQ(O)_W(O)} , Whichis describedaterin Theorems$.1and5.2. As noted
beforethat the timesv,(0) and»(0) — 41(0) canalsobe consideredo be sojourntimesin the
Markov renaval processsothatif F™ (x,y) is the probability generatingunction for the sojourn

timesthen
< Z Z _
F (a(z)’ b(z)) = z. (5)

4.1 Thelimit asn — oo.

Theorem 4.3 For thedefinitionsaboveandp, > 0, p, < 1 wehave

o0 - & [P P e , 1= F )
m 1—z/a(z) 1 —2/b(2)

lim £

n—oo
where m is a normalisingconstant.

Proof: If we take the probabilitygeneratingunctionfor theforwardrecurrencgimesfromtimen
in the Markov renaval procesdo be @’ (z, y) thenfrom equation(4),

S e LA
onz € [0, 1). FromRoughan(1994)we have theresult

. 1 [F(Ly) — F*(z,y)  1—F (1,
thn(I’y):_l ( yi_x () 1_(y y)

n—00 m

wherem is a normalisingconstantand F*(z, y) is the probability generatingfunction for the
sojourntimesin the modified Markov reneval process.This is true for all x andy suchthatthe
left-handside corverges. For = € [0,a] andy € [0, 1), a1 yr2()-m) is poundedabore by
21 andLemma3.2 (i) impliesthat £ [x“’l(”)} < o0o. Thusfrom the dominatedcorvergence
theorem,Q’ (z, y) corvergesfor all x € [0,a] andy € [0,1). Hencethe resultfollows for all
pa > 0andp, € [0, 1).

Corollary 4.1 For p, > 0, p, € [0,1) andz € [0, 1) wehave
)

[
N L [F(Lefb(z) == 1= F*(12/b(2))
E[ } [ 1—2z/a(z) " 1 —z/b(2) ]

m
where X (t) — X in distributionast — oo.

Proof: Cooper(1972,pagel54),impliesthatfor this systemin equilibrium, the arrivals seethe
samedistribution asthatthedepartureseave. ThusasPoissorarrivals seetime averagegPASTA,
Wolff, 1989),we canseethat

lim E [ZX”} = lim K [zX(t)] .

n—oc t—o0

Fromthe boundedcornvergencetheorem

lim £ [zX(t)} =F [lim zX(t)} .

t—o00 t—o0

Relationship5) statesF™*(z/a(z), z/b(z)) = z andhencetheresult.

10



5 Calculating F*(1,y)

FromCorollary4.1wecanseewe needo calculateF™ (1, z /b(z)) in orderto calculatehesolution.
Againwe resortto the martingale agumentsof Section3.

Theorem 5.1 Giventhe previousdefinitions,p, > 0, p, < 1, forall z € [0, 1]

o (17 %) = E[¥no)].

Proof: We useTheorem3.2again, choosingy = 7;(0). We have

- v1(71(0)) 5 va(71(0))—v1(71(0))

Following the procedureof Theoremst.1and4.2we derive

2 p1(71(0)) 5 p2(71(0))—p1(m1(0))
E|l—=— S = E[s0].
a(z) b(2)

Now 11 (71(0)) = 0 andpa(71(0)) = v2(0) — 1(0), so

» v2(0)—v1(0) .
#l) ] = e

P (1, %) = B [%n0].

Theorem 5.2 Giventhepreviousdefinitions,k > 1, p, > 0, p, < L andz € [0, 1),

E [ mo] = al2) (1 - L) (ex(I—Pu) '2') + 2.

z a(z)

whee Py is thesub-stobasticmatrixdefinedoy (3), Tisthek x k identitymatrix,z = (z, 22, .. ., zF)
ande; = (1,0,...,0).

E

.7:71(0)] = ZXTl(O)ZI(XTl(O):O) a.s.

andtherefore

Proof: We consider [z*n©]. Usingthetheoremof total expectationwe get
E [zXn(O)} = F [ZX1|7'1(0) = 1} p{m(0) =1}

k oo
+3 M E [zX'L'|7'1(O) =1,X;01 = j] p{7(0) = i|X;_1 = jip{Xiz1 = j}, (6)

j=1i=2

as X, = 0. Thevaluesof
E [Xm1(0) =i, X1 = 5] p{m(0) = i| Xioy = 5} )

areshavn in Tablel. Thus,substitutingthe valuesof (7) in (6) we arrive attheequation

11



E|2*n0|m(0)=1, X,_1 = j| | Plr(0)=ilx: 1=} the product(7)
i=1| 7=0 w ao + 2 W a(z) = Xy @'
1>11] 7=0 0 0 0
1>1] 7=1 % ag+ 3251 @ a(z) — Zf:l a2’
1> 1 1<j<k % 2kl Gi—jt1 a(2)7 =t = Zf:_gﬂ a2+t

Tablel:

k k k 00
E [ZXn(O)} = (a(z) - Zalzl> +> (a(z)zj_l - > al_j+1zl) > p{X; =}
=1 j=1 I=(j—-1)v1 i=1
In orderto find the >2°, p{X; = j}, we definev’, Py andv! asin the proofof Lemma3.2. Then

vi=viP L

Using standardorobabilisticagumentsve canseethat
Yovi = vi(I-Py,
=1

andsincev' = e; Py we have
VII-P) ™ = —e;+e(I-Py) ",
Takingg(z) = (¢1(2), g2(2), - - -, gx(2)), where
) k
gi(z) = |a(2)2" = 3w,
I=(j—1)v1
we get

E [zxfl((’)] = g1(2) + i (ZP{Xi = j}gj(2)>

= eigi(z) + ivigt(z)
(e1—e;1+e (I— Pk)il)gt(z)
ey (I- Pk)_l gt(z)7

where,g’(z) denoteshetransposef therow-vectorg(z). We cansimplify g;(z) andhenceg(z)
by takingz = (z, 22,..., 2%), to derive



andthereforewe canwrite £/ [ m 0>] as

E {zXn(O)] = e (I-Py)7t (@z — szt>

= a(zZ (e1 I — Pk 1Zt) — (el(I — Pk)_lpkzt)
= CL(ZZ (er(T=Pu)7'2") + (exlz) — (ex(I - Pi)~'2")
= % (el zt> +z— (el(I — Pk)_lzt)

a(z)

- £ (1 . %) (ex(I—Py)'2") + 2.

6 The equilibrium solution

Thesolutioncannow befound.

Theorem 6.1 With the previousdefinitions,p, > 0, p, € [0,1), k > 1 andz € [0, 1) theequilib-
rium solutionis

Bl - 1lﬂdﬂ—w%+%@)—dd}®ﬂI—Pm*fq:

m b(z) — 2
wheem(l —py) =1+ {p. — po} (e1(I = Py)~'1%) and1 = (1,1,1,...,1).
Proof: Substitutingn theresultsof Corollary4.1andTheoremb.2 gives

v L[F (L) -2 1o F (L)
E[Z]E_ [

e Pig)-e P —z]
m |- [ s

_ a2 s w1 (L) -7
m | b = (- 5)0- )

_ 1 1(z)(A = 2) +{b(z) —a(z)} (ea (I — Pk)_lzt)]
m | b(z) — z '

In this theoremwe treatm asa normalisingconstantlt canbeinterpretecasthe meannumberof
servicegduringa busy period. Eitherof thesefactsmaybe usedto derive its enunciated/alue.
Remark: Theprobabilitygeneratingunctionfor the stationaryM/G/1 queues simply

X 1 jb(z)(1—=
pl] - L[%0=2, ®

wherem = 1/(1 — p). This suggestshatthe resultof Theorem6.1 is merelythis solutionplus
a correctingterm derived from the modifiedbehaiour during phasel. This s relatedto the fact
thatthis modificationis equialentto an extendedmodificationof the boundaryconditionsof the
queue.
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7 Limiting cases

Therearesereral specialcase®f this systemwhich have beenexaminedin detailin theliterature.
Thesimplestis the M/G/1 queue.The probabilitygeneratingunctionfor the equilibriumnumber
in the M/G/1 queueingsystemis expressedn (8). Thisis the solutionwe expectto getfrom the
following specialcaseslf a(z) = b(z) thesolutionis immediate.lf £ — oo andp, < 1 we also
expectthis solution. As k — oo, F'*(1, y), whichis the generatiorfunction for the time spentin
phase?, approachegd. Thisis becausehe probabilitythatzerotime is spentin the secondphase
approachesne.Hence

E[ZX]—i[ 1—=2 ] _%a(z)(l—z)'

m|1— % a(z) — z

The casewhenk = 0 includessuchexamplesasthe M/G/1 queuewith sener vacationsor a
warmuptime. Thesearesituationan whichtheservice-timedistributionis differentfor acustomer
arriving atanemptysystem.The solutionto thesesystemss givenin Yeo (1962, Theorem3) as

] - A5

wherem is givenby
_ Po — 1- Pa
m=——————-:
pr—1
In this case usingour technique Theoremb.1gives F*(1, y) as

F (1, b(z—z)> =F [zXf'w] .

The right-handside of this equationis simply a(z). Once F*(1,y) is knovn we canwrite the
solutionusingCorollary4.1as

Bl - {(a(z)—z)(l i5) + (L —a@)(1 - 5)

1-.50- )

8 Conclusion

Corventionallythetypeof queueingystenctonsiderean this papercouldbesubsumed
underthegenerablock-matrixmethodologyof theM/G/1 type(seeNeuts(1989)). While versatile
andableto dealwith a numberof extensionsof this sortof problem,the block-matrixapproachs
bettersuitedto numericalcomputatiorratherthanthederivationof analyticalformulaesuchaswe
derive here.Of coursethe generatingunctionexpressedn Theorem6.1requirestheinversionof
a kxk matrix (I — Py ). However this matrix is alreadyin lower Hessenbrg form (seeGoluband
vanLoan(1983))which makesit muchlesscomputationallyexpensve to calculatets inverse.
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The block-matrix methodologywould typically include the phasein the currentstateof the
processmakingthe stateof theembeddegrocess X,,, phase). Thencethe probability transition
matrix would be partitionedinto sub-blockssoasto obtainarepeatedtructuresuchas

By By By Bs

Ay A Ay Az
P = 0 Ay A A

0 0 Ay A

This canthenbeusedto createanumericalalgorithmto deduceheequilibriumprobabilitiesof the
system.In this currentsystemit is difficult to seehow A, and B, couldbelessthankxk matrices
makingthe computationsnvolved in the algorithmof at leastthe sameorderof difficulty asthe
matrix inversionrequiredfor the solutionherein.

The methodof this papercan be extendedin a numberof ways. For instancethroughout
this paperwe have swappedto the secondservicedistribution whenthe systemhadmorethank
customersn it. Any stoppingtime 7, (¢) which occursat the end of a serviceandwhich is less
than,(¢) andgreaterthant is acceptable Thusit could occurafter a numberof servicesn the
busy period, or at a completelyrandomtime. Given a thresholdfor which Lemma3.2 holds,
Theorems3.1-2,4.1-3,5.1 and Corollary 4.1 all remainunchanged Only Theorem5.2 mustbe
modifiedto suitthealteredthreshold Extensiondo multiple thresholdoroblemscanalsobemade.

BaccelliandMakowski have usedtheir techniqueo produceresultson thetransientehaiour
of theM/G/1 queue.Theanalysiof this papercanalsobe extendedo dealwith transientsthough
theformulaeinvolved arevery complicatedandof questionableitility.
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